Quantum Physics B

Olaf Scholten
Kernfysisch Versneller Instituut
NL-9747 AA Groningen

Exam, Tuesday January 27, 2004
4 problems (total of 50 points).
The solution of every problem on a separate piece of paper with name and student number.
Use the attached formula list where necessary.

Problem 1 (15 pnts in total)
The electron in a hydrogen atom occupies the combined spin and position state

¥ = R21(\/§Y1_1X+ + \/51/10)(—)/\/5 (1)

1 pnts a. If you measured the orbital angular momentum squared (L?), what values might you
get, and what is the probability of each?

1 pnts b. Same for the z-component of orbital angular momentum (L.).

1 pnts c. Same for the z-component of spin angular momentum (S, ).

1 pnts d. Same for the z-component of total angular momentum, J, = L, + §,.

3 pnts e. Calculate for this wave function the expectation value < ¥|§ . #|¥ > where 7 =

Zcosa+ Zsino.

2 pnts f. If you measured J?, what values might you get and what is the probability of each?
(you may use the table of Clebsch-Gordan coefficients).

3 pnts g. Calculate ® = J_W¥ where J_ =L_+5_.

3 pnts h. In an experiment one measures r, the distance to the origin, as well as m;, the 2-
projection of the electron spin. Give the probability density to find the electron with
ms; = —1/2 at a distance 7.

Problem 2 (10 pnts in total)
An electron in the n = 3, [ = 0, m = 0 state of hydrogen decays by a sequence of (electric
dipole) transitions to the ground state.

3 pnts a. What decay modes are open to it? Specify them in the following way:
1300 >— |nlm >— |n'l'm’ >— .- = |100 > .

2 pnts b. If you had a bottle full of atoms in this state, what fraction of them would decay via
each route?

5 pnts ¢. What is the lifetime of this state.
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Problem 3 (15 pnts in total)

a. Give the time-independent Schrédinger equation for the problem of an infinite square
well in two dimensions,

0 if0<zr<aandl<y<a
oo otherwise

Viea) =
Specify also the boundary conditions.
b, Use separation of variables to solve for the energies and wave functions.

c. What is the degeneracy of the ground state and the first excited state?

d. We add the perturbation H' to the Hamiltonian,

2Vy, if0<z<a/dand 0 <y < a/d
H =<1V, ifae/d<z<af2andaefd<y<a/2
0, other wise

Give the first order perturbation correction to the energy of the ground state.

e. Give the first order perturbation correction to the energies of the first excited states
which were degenerate without perturbation.

Problem 4 (10 pnts in total)

An eleciron is at rest at the origin in the presence of a magnetic field whose magnitude
(By) is constant but whose direction rotates around in the (x,y) plane at constant angular
velocity o

B(t) = By [cos(at)d + sin{at)g] . (2)

—

The hamiltonian for the particle is now given by H = (e/m)B - S, where S = Ahd are the
spin matrices. A possible solution is given by the spinor

[cos(At/2) + i(a/A) sin(At/2)]e~ /2
x(t) = ( i(w/\) sin (At/?)e"‘*”z ) (3)

where w = —eBy/m and A = va? + w?.
a. Write the Hamiltonian explicitly as a 2 x 2 matrix.

b.Show that x{¢) is indeed a solution of the time-dependent Schrédinger equation for this
problem.

c. Verify that x(f) is normalized.
d. Calculase < g, > to verify that x(¢ = 0} corresponds to a spin-up electron.

e. Calculate the expectation value of the spin in the y-direction as a function of time.



Sigma (spin) matrices.

(1)
s = (10)(05) (5 5)

(G-A)@-B)y=A-B+i5-(Ax B)

—

Harmonic oscillator wave functions.
. . . . V'
Solutions for a harmonic oscillator potential V(z) = 25232

— (T 174 09m,1y—1/2 —y?/2
Up (m) (2%n!)" < Hy(y)e

Hy(y) = 1
Hily) = 2y
Hy(y) = 4" -2
Hi(y) = 8°—12y
Hi(y) = 16y — 484> +12
Maitrix elements:
<n|zin> = <n|p’n > /(mw)? = 2n+1) 5—;%
<njzfn—-2> = —<apn—-2> /(nw)? = n(qrrt-—l)L
2mw
h 3/2
<nldln—1> = 3a%7 (—)
2rmw
3 r B 3/2
-3 = /nn-1){n-2) [ —
< nlz’ln—-3 > \/n(n Wn ~2) (me)
1 h\?
= [2 1 2 2n—1)(2n+1)] | —
<nlalln> = [2n+1)n+2)+ 2n-Hen+ 1] (5-)
3 2
4, — _ _ o
<nlz¥n—2> 2(2n — 1)y/n{n — 1) (me)
r B \2
4 .
—4 = ; — — — -
< n|z*|n > \/n{n D{n —2)(n —3) (me)
Hydrogen wave functions.
Ry(r) are hydrogen-like wave functions with E, = —a?m.c?/2n® = —13.6 eV/n?,

ap = h/meca and a = e?/hc = 1/137.

z 3/2
R = 2 (2)" oo

Z \3? Zr
R = 2 [ = 1 =22 —Zr{2aq
20(r) (200) ( 200) ¢ '
1 ZNY? Zr
- sl 2 —=Zrf2ap
3/2 N2
Raa(r} = —8 (“Z“)f (é) g=4r/3e
81+/15 \2ap an

(19)

(20)



Spherical harmonics ¥;™.

3 0 3
Y0=—--~ =—\f—~e‘¢’ sin@ : Y = {/— cos#¥ 21
‘J_ 87[ T 1 47T 1 ( )
2 2.2 1 15 i a ]
Yy = ®sin® @ ;Y = —/—e' sinf cosf ; Yy = (3cos?8~1) , (22)
8r 16
with ¥;7™ = (-1)™[¥{™]*, and the normalization condition:
, 27 T .
f QY] = Y7 (Q) = /U do [o Sin0d0 [V QY (Q) = 81 b (23)
Li=Le+ily and Ly Y™ =mJi(l +1) - mim+1) ¥+ (24)
Do=L,—iLy and L_Y=Hh/I(+1)—m(m-1) ¥ (25)
D=L+ L2+ L2 =L L +L:~hL,=L_Ly+L}+hL,
In addition:
pr——
- [+m+1 .
Lim;> = Ym+1_>+ Y™y, > forj=14+1/2 26
I+m+1 1 —m .
Lim;> = e [V s - Ym > forj=10{-1/2 (27
with m =m; — 1/2.
Table 4.7: Clebsch-Gordan coefficients. (A square root sign is understood for
every entry; the minus sign, if present, goes outside the radical.)
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- 8in (aa) ,

sinlf + k)a  sin{a — k)a]
o+ k o — k !
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